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Introduction

T HIS Note analyzes and provides implementable solutions for
stabilization and maneuver control of two nanosatellites sub-

ject to control and state constraints,bounded disturbance,and mea-
surement error. This topic is currently an active research area (for
example, see Refs. 1–6) using a variety of con� gurations and al-
gorithms. There are very few methods for achieving constrained
control. The approach we take is a modi� cation of robust time-
optimal control that reduces energy consumption. Published solu-
tions of the constrained time-optimal control problem (e.g., Ref. 7)
require computation of the robust controllabilitysets X i . (X i is the
set of states that can be steered to a target set B t in i time steps
despite the disturbance.) In most practical applications, these sets
are impossibly complex. In this paper, we avoid this problem by
presenting a novel and effective method (the generalized diamond
method) for computing inner approximations to the controllability
sets. These inner approximations are then used to provide effec-
tive nonlinear control of the constrained system with little loss in
performance.

Note that k ¢ k denotes the Euclidean norm (2-norm) for a vector
and the correspondinginduced norm for a matrix and © denotes the
Minkowski sum of two sets (A © B D fa C b j a 2 A; b 2 Bg/.

Problem Description
The orbit and relative position of the two satellites is shown in

Figs. 1a and 1b. For small distances d between the two satellites,
for example, d · 1000 m, the Hill8 equations of relative motion are

Rx D ¡2! Py C dx C u x ; Ry D ¡2! Px C dy C u y
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where .x; y/ is the relative position of the following satellite,
d D .dx ; dy/ the relative disturbance force, and u D .ux ; u y / the ac-
tuator force used for control. [For computation, any vector such as
.x; y/, is regarded as a column vector.] The state-space equations
for the relative motion of the slave satellite are

Px D Acx C Bc.u C d /

for x D .x; Px; y; Py/ and suitably chosen Ac and Bc , and ! D
0:001086 rad/s. The correspondingdiscrete-time model is

xk C 1 D Axk C Buk C »k

where T is the sampling period, xk :D x.kT /, and the control u.t/
has constant value uk in the interval [kT ; .k C 1/T /

»k D
Z

.k C 1/T

kT

exp[Ac.k C 1/T ¡ t]Bc d.t/ dt

the disturbanceaccumulatedin the sampling period [kT; .k C 1/T /.
The control u is subject to the hard constraint u 2 U , where
U D f.u1; u2/ku1j · um; ju2j · um jg, where um is givenand the state
is required to stay in the set B t . The controller must cope ade-
quately with disturbances: inhomogeneity of the Earth’s gravita-
tional � eld, solar wind, and radiation pressure and gravitational
forces of the sun and moon. The disturbance » that models dis-
turbance forces as well as model inaccuracies is assumed to lie in
a compact set D; a disturbancesequence f»k g is said to be admissi-
ble if »k 2 D for all k. The control objectives are to steer the slave
satellite from any initial state x0 in the set X :D fx j kxk · 1000g
to any speci� ed relative position .xr ; yr / in the target set B t in as

a) Target position of the slave satellite at (xr; yr )

b) Close circular orbits of the two satellites

Fig. 1 Schematics of a simple formation � ying con� guration.
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short a time as possible while minimizing fuel consumption (ma-
neuver control) and to maintain the position of the slave satellite
thereafterat .xr ; yr / with high accuracy, typicallya few millimeters
(stabilization).

Stabilization Control
We � rst consider the stabilization control problem: maintaining

the state in the target set B t despite the disturbanceif the initial state
is in B t .

Admissible Solution
An admissible solution to this problem is a feedback law fb:

B t ! U such that the solution xk of the closed-loop system

xk C 1 D Axk C B fb.xk / C »k

satis� es xk 2 B t for all k ¸ 0 and all admissible disturbance se-
quences f»k g if the initial state x0 2 B t . This is the case if the set
B t is robust control invariant, that is, if for all x 2 B t there exists
a u 2 U such that Ax C Bu C » 2 B t for all » 2 D. The following
lemma provides an explicit method for checking whether or not an
admissible solution to the stabilizationproblem exists.

Lemma: If A is invertible, a necessary and suf� cient condition
for the existence of an admissible feedback control law fb.¢/ is

ABt ½ .¡BU/ © .B t ª D/

Given the existence of an admissible feedback control law fb.¢/,
it is not necessary to determine it a priori. Rather, we propose to
calculate, at each state x encountered, the control action fb.x/; this
is similar to model predictive control where, at each state x en-
countered, the control is determined by solving an optimal control
problem. In our case, control u at any state x 2 B t may be found as
follows. First, determine the set Us .x/ de� ned by

Us .x/ :D fu 2 U jAx © Bu 2 B t ª Dg

This set is not empty (because of the existence of an admissible
control law). Next, determine that control u 2 Us.x/ that minimizes

Fig. 2 Simulation of stabilization for 300 sampling periods.

some criterion, such as kuk; the resultant control is fb.x/ (the ad-
missible control law evaluated at x).

Example
As an example, consider the case when D D f» j k»k · 0:0025g,

B t D .100; 0; 0; 0/ © fx 2 <4 j jxi j · 0:01 m, i D 1, 3, and jxi j ·
0.01 m/s, i D 2; 4g, T D 0:3 s, and um D 0:015. The control was
computed using the Geometric Bounding Toolbox9 and the (sim-
ple) linear model as described earlier. Figure 2 shows 90 s of
the orbit of an accurate nonlinear model (using control based on
the linear model) that includes the effects of inhomogeneity of
gravitational � elds, solar wind, and radiation pressure. The non-
linear model of the orbit of each satellite was based on

Pr D
¡¹r
r 3

¡ @B
@r

C Fsun C Fmoon C Fspw (1)

where r is the locationvector of the center of mass of the satellite in
thegeocentricinertialcoordinatesystem,B is the sphericalharmonic
expansion used to correct the gravitationalpotential for the Earth’s
nonsymmetric mass distribution (includes the J2 term), Fsun and
Fmoon are the attraction forces of the sun and the moon, and Fspw

are the forces due to solar wind and radiation pressure. These are
modeled by random step disturbances bounded by 10 ¹N in the
simulation. On a personal computer, the simulation took more than
90 s. The simulationincludedstatemeasurementerrorwith an upper
bound of 0:0025.

Maneuver Control
We next consider the problem of steering any initial state in the

set X to the target set B t in minimum time despite the disturbance;
this is the robust minimum-time control problem.

Controllability Sets Xi

The controllability set X i is de� ned to be the set of states
that can be steered (using a possibly time-varying control law
u.i/ D fm [x.i/; i ] to the target set B t in i time steps or less for
all admissible disturbance sequences. If A is invertible, these sets
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may be computed recursively4 as follows:

X i C 1 D fA¡1j.X i ª D/ © .¡A¡1 BU /g; i > 0

X0 D B t

A solution to the maneuver problem exists if there exists a � nite
time N such that X ½ X N . Given a sequence fX i ; i D 0; 1; : : : ; N g,
X ½ X N , a feedbacksolution to the constrained,robust time-opimal
problemis easilyobtained.If the current state is x, � nd the minimum
integer i such that x 2 X i . Then � nd the polytope Um .x/ de� ned by

Um.x/ :D fu 2 U jAx C Bu 2 X i ª Dg

It follows from the de� nition of controllability sets that Um.x/ is
not empty. Next determine that control action u 2 Um .x/ ½ U that
minimizes

V .u/ :D kAx C Bu ¡ Nxi k

where Nxi is the center of X i . The solution u0.x/ to this problem
is the value fm.x/ of the maneuver feedback control law fm.¢/
at x [ fm .x/ D u0.x/]. The problem of minimizing V .u/ subject
to the constraint u 2 Um.x/ is a quadratic program. The procedure
yields robust time-optimal control; the control law fm .¢/ steers any
x 2 X i to B t in i time steps or less for every admissible disturbance
sequence.

Unfortunately,in most practicalproblems, the sets X i becomeex-
cessively complex as i ! 1. Hence, we replace these sets by inner
approximations OX i , i D 1; : : : ; N , for each i , OX i ½ X i . Therefore, it
may be necessary to increase N to ensure X ½ OX N . The major con-
sequenceof this change is now that the control law Ofm .¢/ constructed
using the inner approximations in place of the exact controllability
sets now steers an x 2 OX i to B t in i steps or less for every admis-
sible disturbance sequence. Because OX ½ X i , this time is possibly
larger than the minimum possible. This is a small price to pay for
the substantial decrease in complexity of the controllabilitysets.

Inner Approximation to a Polytope
Here we present the generalized diamond method, a novel and

effective procedure for computing an inner approximation to any

Fig. 3 Wire-frame views of the internal approximationto the set X200 .

polytope. We de� ne the diameter of a polytope as the line join-
ing those two vertices of the polytope that maximize the distance
between them:

diam.P/ :D cofv; wg D f¹v C .1 ¡ ¹/wj¹ 2 [0; 1]g

.v; w/ :D arg max
v0 ;w0

fkv 0 ¡ w0k j v 0; w0 2 V .P/g

where V .P/ is the set ofverticesof thepolytope P andcofSg denotes
the convex hull of any set of points S ½ <n . Given a polytope P in
<n , let H .P/ denote the subspacesuch that P ½ x C H .P/ for some
x 2 <n ; the dimension of P[dim(P )] is de� ned to the dimension of
H .P/.

The algorithm to compute diamond approximation of polytope
P is as follows.

0) Find a diameter .v1; w1/ of P . Set P1 D cofv1; w1g. Determine
L1, the subspace of <n orthogonal to H .P1/.

1) At iteration i ¸ 2 of the algorithm,project all of the verticesof
P except those in Pi ¡ 1, onto L i ¡ 1, to obtain the polytope Si . Obtain
a diameter . Nvi ; Nwi / of Si . If Nvi D projLi ¡ 1

.vi / and Nwi D projL i ¡ 1
.wi /,

set Pi D cofPi ¡ 1; vi ; wi g and L i the subspace of <n orthogonal
to Pi .

2) If i D n, stop. Else set i D i C 1 and go to step 1.
The algorithm generates a polytope OP with 2n vertices and implic-
itly de� nes the map P 7! OP , OP D diamond.P/. Note that, if P is
n dimensional, then Pi will be i dimensional, L i will be n ¡ i di-
mensional for i D 1; : : : ; n, and in particular Ln D f0g is the zero
space.

Approximate Controllability Sets
The generalized diamond procedure may be used to compute

approximate controllabilitysets OX i via the recursion

OX i C 1 D diamond
¡©

A¡1. OX i ª D/ © .¡A¡1 BU /
ª¢

; i > 0

OX0 D B t

Example
We illustrate the procedureon the example employedearlier.The

approximate controllability sets OX1; : : : ; OX200 were generated, us-
ing the generalized diamond algorithm, in 1 min on an average
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a)

b)

c)

d)

Fig. 4 Results of the three-dimensional nonlinear simulation projected onto the x, y plane of orbit.

Table 1 Illustrative CPU times and number of vertices
for the generalized diamond-based and the exact-polytope-based

controllable set computations

Generalized diamond based Exact polytope baseda

Xi index CPU time 1 Vertices 1 CPU time 2 Vertices 2

1 0 16 0 46
2 2.223 16 164.687 214
3 4.016 16 589.131 812
4 6.2090 16 1723.567 1714
5 7.8510 16 4611.781 3012

aSynchronized after X1 .

personal computer using MATLAB® version 7.1 (using the Geo-
metric Bounding Toolbox9). The polytope OX200 is shown in Fig. 3.
The least integer` such that the initial state x0 D (0, 6, 0, 0) lies in OX `

is 187. (It requires187samplingperiodsto steerx0 to B t robustly.) A
simulationof maneuvercontrol (usingan accuratenonlinearmodel)
is shown in Fig. 4. Figure 4a shows that the controller fm.¢/ trans-
fers the initial state (0, 6, 0, 0) to the target state (100, 0, 0, 0) fairly
directly.

To show the (dramatic) differencebetween the use of the approx-
imate and exact controllabilitysets, the complexityof and computa-
tion time required to determine fX1; : : : ; X5g and f OX1; : : : ; OX5g are
shown in Table 1. The diamondmethodproducesapproximatepoly-
topes with a low number of vertices .16/ and requires low computa-
tion times; complexityand computation time of the exact polytopes
X i increase rapidly with i .

Although there can be a large difference in the size of Xn and its
approximation OXn , the diamondmethod is, unlike the exactmethod,
numerically feasible.

Conclusions
This paper describes the generalized diamond method for ap-

proximatingcomplex polytopes in the state-spaceof satellite orbital
dynamics and shows how this procedure may be used to compute

approximate controllabilitysets and how these sets may, in turn, be
used to obtain a nonlinear controller that robustly steers any initial
state to a speci� ed target set and thereafter maintains the state in the
target set despite the disturbance. This procedure has considerable
advantagesover the use of exact controllabilitysets that are usually
excessively complex. A simpli� ed model was used to compute the
controller, whereas a more realistic noninear model was used for
simulation. It would be desirable to consider next the coupled orbit
and satellite control problem arising in formation � ying.

References
1Inalhan,G., andHow, J. P., “Relative Dynamicsand ControlofSpacecraft

in Eccentric Orbits,” AIAA Paper 2000-4443,Aug. 2000.
2How, J. P., Twiggs,R.,Weidow, D., Hartman, K., and Bauer, F., “Orion:A

Low-Cost Demonstration of Formation Flying in Space Using GPS,” AIAA
Paper 98-4398, Aug. 1998.

3Sabol, C., Burns, R., and McLaughlin, C., “Satellite Formation Flying
Design and Evolution,” Journal of Spacecraft and Rockets, Vol. 38, No. 2,
2001, pp. 270–278.

4Chicka, D., “Satellite Clusters with Constant Apparent Distribution,”
Journal of Guidance, Control, and Dynamics, Vol. 24, No. 1, 2001, pp.
117–122.

5Pan, H., and Kapila, V., “Adaptive Nonlinear Control for Space-
craft Formation Flying with Coupled Translational and Attitude Dynam-
ics,” Proceedings of the 40th IEEE Conference on Decision and Control,
Inst. of Electrical and Electronics Engineers, New York, 2001, pp. 2057–

2062.
6Yeh, H.-H., Nelson, E., and Sparks, A., “Nonlinear Tracking Control for

Satellite Formations,” Proceedings of the 39th IEEE Conference on Decision
and Control, Inst. of Electrical and Electronics Engineers, New York, 2000,
pp. 328–333.

7Mayne, D. Q., and Schroeder, W. R., “Robust Time-Optimal of Con-
strained Linear Systems,” Automatica, Vol. 33, No. 12, 1997,pp. 2103–2118.

8Hill, G. W., “Research in the Lunar Theory,” American Journal of Math-
ematics, Vol. 1, No. 1, 1878, pp. 5–26.

9Veres, S. M., and Mayne, D. Q., “The Geometric Bounding Tool-
box for MATLABTM , Version 7.1,” MATLAB/Simulink Connections Cat-
alog, MathWorks Co., Natick MA, 2001; also http://www.mathworks.com/
products/connections.


